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Abstract
Let a(k, n) be the k-th coefficient of the n-th cyclotomic polynomials. In 1987, J. Suzuki proved that {a(k, n) | n, k ∈ N} = Z.
In this paper, we improve this result and prove that for any prime p and any integer l ≥ 1, we have
{a(k, pln) | n, k ∈ N} = Z.
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1. Introduction
The n-th cyclotomic polynomial is defined by
Φn(x) =
∏
1≤ j≤n
( j, n)=1
(x − ζ jn ),
where ζn is an n-th primitive roots of unity. We know that Φn(x) is an integer polynomial and an irreducible
polynomial with polynomial degree ϕ(n), where ϕ(n) is Euler’s phi function. For p prime,
Φp(x) =
p−1∑
j=0
x j ,
i.e., the coefficients are all 1. Migotti [4] showed that coefficients of Φpq(x) for p and q distinct primes can only be
0, ±1. The first cyclotomic polynomial to have a coefficient other than ±1 and 0 is Φ105(x), which has −2 as the
coefficient of x7. A cyclotomic polynomial Φn(x) is said to be of order 3 if n = pqr for three distinct odd primes p,
q , and r . Bachman [1] established the existence of an infinite family of such polynomials whose coefficients do not
exceed 1 in modulus. It was first proved by Schur that the coefficients of cyclotomic polynomials are arbitrarily large
in absolute value, see Lenstra [3].
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Let
Φn(x) =
ϕ(n)∑
k=0
a(k, n)xk
and
S(m) := {a(k,mn) | n, k ∈ N}
for integer m ≥ 1.
In 1987, Suzuki [6] proved that
S(1) = {a(k, n) | n, k ∈ N} = Z.
In this note, we prove the following generalization of this result:
Theorem. Let p be a prime number and l a positive integer. Then
S(pl) = {a(k, pln) | n, k ∈ N} = Z.
Remark. The special case with p = 2 and l = 1 was first established by Moree and Hommerson [5, Proposition
17]. The fact that every integer already occurs as a coefficient of a ternary cyclotomic polynomial is implicit in
Bachman [2].
2. Some lemmas
Since xn − 1 =∏d|n Φd(x), we have by the Mo¨bius inversion formula,
Φn(x) =
∏
d|n
(xd − 1)µ( nd ),
where µ(∗) denotes the Mo¨bius function.
On using that
∑
d|n µ(d) = 0 if n > 1, it is see that, for n > 1,
Φn(x) =
∏
d|n
(xd − 1)µ( nd ) = (−1)
∑
d|n
µ( nd )∏
d|n
(1− xd)µ( nd ) =
∏
d|n
(1− xd)µ( nd ).
(Thus for n > 1, the polynomial Φn(x) is self-reciprocal.)
Lemma 1. If p is prime and p|n, then
Φpn(x) = Φn(x p).
Corollary. For l ≥ 1 we have S(pl) = S(p).
Proof. Using Lemma 1 we see that Φp2(x) = Φp(x p) =
∑p−1
j=0 x pj and thus 0 ∈ S(p). From Lemma 1 we can easily
infer by induction that Φpln(x) = Φpn(x pl−1) for any l ≥ 1, so
a(k, pln) =
a
(
k
pl−1
, pn
)
if pl−1|k;
0 otherwise.
This together with 0 ∈ S(p) shows that S(pl) = S(p). 
Lemma 2 (Quantitative Form of Dirichlet’s Theorem). Let a and m be coprime natural numbers and let pi(x;m, a)
denote the number of primes p ≤ x that satisfy p ≡ a(modm). Then, as x tends to infinity,
pi(x;m, a) ∼ x
ϕ(m) log x
.
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Corollary. Given an m ≥ 1 and a t ≥ 1 there exists a constant N0(t,m) such that for every n > N0(t,m) the interval
(n, 2n) contains at least t primes p ≡ 1(modm).
3. The proof of the theorem
Proof. Note that by the Corollary of Lemma 1 it suffices to prove that S(p) = Z. Thus we may assume that l = 1.
For any integer t ≥ 1, by the Corollary of Lemma 2 there exists a constant N0(t, p) > p such that if n > N0(t, p),
then there exist primes p1, p2, . . . , pt such that
n < p1 < p2 < · · · < pt < 2n
and
pi ≡ 1(mod p), i = 1, 2, . . . , t.
Hence pt < 2p1.
Let q be any prime exceeding 2p1 and
m =
{
pp1 p2 · · · ptq, if t is even;
pp1 p2 · · · pt , otherwise.
We consider two cases.
Case 1. If p is an odd prime, then
Φm(x) ≡ 1− x
(1− x p)(1− x p1)(1− x p2) · · · (1− x pt ) (mod x
2p1+1)
≡ (1− x + x p − x p+1 + · · ·)(1+ x p1 + · · · + x pt + x2p1)(mod x2p1+1)
≡
2p1−2∑
i=0
a(i,m)x i + (t − 1)x2p1−1 + (1− t)x2p1(mod x2p1+1).
From the above congruence we have
a(2p1 − 1,m) = t − 1 and a(2p1,m) = 1− t.
As t ranges over all integers ≥ 1 we find that S(p) = Z.
Case 2. If p = 2, then
Φm(x) ≡ (1− x)(1− x
2p1)
(1− x2)(1− x p1) · · · (1− x pt ) (mod x
2p1+1)
≡ 1+ x
p1
(1+ x)(1− x p2) · · · (1− x pt ) (mod x
2p1+1)
≡ (1− x + x2 − x3 + · · ·)(1+ x p1 + · · · + x pt )(mod x2p1+1)
≡
2p1−2∑
i=0
a(i,m)x i + (t − 1)x2p1−1 + (1− t)x2p1(mod x2p1+1).
From the above congruence we have
a(2p1 − 1,m) = t − 1 and a(2p1,m) = 1− t.
As t ranges over all integers ≥ 1 we find that S(2) = Z. 
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